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Figure S1. The absence of spurious solutions and relaxation time of the EGHR with
sources conforming to Laplace (A) and uniform (B) distributions. We numerically
confirmed that there was no local minimum. We considered a two-dimensional source
(dim s = 2) and transform matrix A that is defined as a rotation and scaling matrix 4 =
(A11, A12; —A12, A11). We allowed W to learn according to the EGHR to ensure that the
elements of u = Wx were independent of each other. The learning time constant was
defined as 7y = 2 x 10%. We defined the relaxation time as the time needed by the rule to
perform ICA. ICA ability was evaluated using the maximum value of the ratio of first to
second maximum values for each row and column of matrix K = WA. Thus, for the ith
row, we compared |Ki/K;| with threshold ey, = 0.01, where |Ky| and |K;| are the

maximum and second maximum absolute values in the ith row. We also compared



|Kii/Kj;| with threshold e, where |Kjj| and |Kjj| are the maximum and second maximum
absolute values in the jth column We defined the relaxation time as the time at which all
|Ki/Ki| and |Ky/Kj| for all i, j first become smaller than ey. This was evaluated once
every 100 steps. Parameters 4;;, and 4,, were moved within -2 < 4;; <2, and -2 < 4
< 2 in increments of 0.05 steps. Relaxation times were calculated 100 times for each
parameter set and the means are shown in graphs. The upper bound of the simulation
time was defined by 7=4 x 10" In all cases, W started to form an identical matrix and

converged to one of the ICA solutions before the 7 step.
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Figure S2. Dimension dependency of EGHR relaxation time. (A) Dimension
dependency of relaxation time of Laplace (red) and uniform (blue) distributions with
rotation matrix 4. We assumed transform matrix 4 to be a rotation matrix that was
rotated for all possible axes (M(N — 1)/2 axes) with randomly selected angles 6; from
—7/4 < 6, < /4, where N is the common dimension of sources, inputs, and output. Note
that k is the index of one of the N(N — 1)/2 axes. The relaxation time was calculated
using the same criterion as in Fig S1. A learning time constant of 7y =2 x 10* was used.
The upper bound of the simulation time was 7 = 1 x 10°. Red boxes represent the
median of the relaxation time distributions for a Laplace distribution, while blue boxes
represent those for a uniform distribution. Further, W was started from an N X
N-dimensional identical matrix. (B) Dimension dependency of the relaxation time of
Laplace (red) and uniform (blue) distributions. We assumed A to be a random matrix,

where each element of 4 was randomly selected from a normal Gaussian distribution,



A; ~ N(0, 1). Note that only a matrix 4 whose determinant was larger than exp(—N/2)
was used for the simulations. A learning time constant of 7y = 2 x 10° was used. Other
parameters are the same as in (A). The results reveal that although relaxation time
increased with both distributions as source dimension increased, it was within a finite

time and the rate of the increase was slower than an exponential increase.
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Figure S3. Robustness of the EGHR to a choice of nonlinear function g. We generate a
two-dimensional source obeying p(s;) « exp(-f |s{”) (a > 0, > 0) and assume 4 to be a
rotation matrix, 4 = (cosz/6, —sinz/6; sinz/6, cosw/6). Note that f was defined so that the
variance of s; was one. We investigate how the choices of g, the ones designed for a = 1
and oo, influence the relaxation time of EGHR to one of the ICA solutions for a range of
a. Relaxation time was calculated using the same criterion in Fig S1. A learning time
constant of 7y = 1 x 10° was used. The upper bound of simulation time was 7'=1 x 10,
and W was started from an identical matrix. The red circles represent relaxation times
when we used a non-linear function gz(u;) that was optimized for a Laplace distribution
(thus a = 1; see the red arrow in the figure). Blue circles represent relaxation times
when we used a non-linear function gy(u;) that was optimized for a uniform distribution
(a = oo; blue arrow). Filled circles indicate ICA was successful with the non-linear
function before the 7-th step, while open circles indicate that ICA was not achieved
before the 7-th step. The details of g;(u;) and gu(u;) are described in Methods. When the
source obeys a Gaussian distribution (a = 2; a dashed line), both g;(u;) and gu(u;) fail to
achieve ICA, since any rotation matrix # makes the elements of u independent of each

other when o = 2.



Supplementary movie legends

Supplementary Movie 1. Performance of the EGHR in undercomplete condition. The
EGHR successfully separates sources even if the number of sources (more than two)

dynamically changes.

Supplementary Movie 2. Blind source separation results using movies. Top: Four
original images as hidden signal sources. Middle: Four superposed images provided as
input to the model. Bottom: The final states of the outputs of the neural network
reconstructed the original movies well. We retrieved these movies from

MotionElements (https://www.motionelements.com) and processed them accordingly.

Supplementary source codes

Supplementary Source Code 1. A MATLAB source code of EGHR that demonstrates
2-dimensional ICA (see the Figure 1B legend and Methods for details).



S2 Supplementary Notes

S2.1 Lemma
S2.1.1 {f(s)g(s0)pocsiy = (5o
[Proof]
When we assume that f{ss;) is an arbitrary function of s; and g(s;) := —0/0s; log po(s;) =
— po'(si)/po(s;), we obtain

(flsi) (Yo =1 fis) g(s1) posi) s
= —J fis;) po'(s)) dsi = ~[fs) po(s)] + [ £(s:) pos:) ds;
= (/(s))potsi- (S1)

From Eq. (S1), when we suppose z; := —log po(s;) and z;" = 0z;/0s; = g(s;), we obtain the

following equations:

(@i sidpoesiy = (Dpoesny = 1,
<Zi Zi’ Si)pO(si) = <Zi + Zl-' S,‘>p0(si) = <Zi>p0(si) + 1:
(zi” 5oy = (21" 57+ 2 2 siYpocsiy = (21" 7 Ypoisi) + 2,

(2" Ypotsi) = (2" pocsi- (S2)

S2.1.2 When a function ¢(sj, ..., sy) is an odd function and p(s;) is an even function of s;,

(P(s15 -5 SW)pix) = 0.
[Proof]

(P(515 -5 SN)px) = {P(S1 -5 SW)Ypos)
=[] o(s1, ..., SN) po(s1)...po(Sy) dsi...dsy
=104 o(su, ..., sw) p(s)) dsi} p(si)...p(sw) dsi...dsy
=[...1 {0} p(s1)...p(sy) ds1...dsy = 0. (S3)

S2.1.3 <|Si|a+2>N(si; 0.1 = (& + 1) s Inesi: 0, 1)-
[Proof]

We define (*)nsi 0, 1) to be the expectation over the normal Gaussian distribution N(s;;
0, 1), i.e., (0.1 =1 * N(si; 0, 1) ds;. We obtain



(i iz o, ny=T1si ™™ - () exp (=s°/2) dis
= [ —|s*s: - {2n) " exp (=s/2)}" ds;
= —[|s]" s; - Qn) " exp (=s/2)]
+ {a s sgn(si) si + [s4“) - a) " exp (=s7/2) ds;
=[(a+1)|s]* - 2n)"* exp (=s7/2) ds;
= (o + 1) Il “Wisiz 0. 1. (S4)

Similarly, from Eq. (S4),

(Isi“ eiz0. 1) = {(a +2) + 1} (s Pwisiso, 1)
= (a+3) (a+ 1) (s Wiz 0, 1)- (S5)
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S2.2 Linear stability of the EGHR

The aim of this section is to determine the necessary and sufficient condition for ICA
solution W= A" to become a stable equilibrium point of the EGHR. The ICA solution is
stable if and only if all terms in &”L, the second differential form of the cost function of
the EGHR, are non-negative. Let us define a matrix K as K = WA, so that u is rewritten
as u = Ks. We suppose z; := —log po(s;), zi' = 0zi/ds; = g(si), and z" = 6°z/0s = g'(sy).
First, we consider an analogy between the EGHR and Amari rule [15]. The cost
function of the Amari rule L, is defined by Ly = Dx.[q(u)|| po(u)] = (log g(u) — log
po(u)) = E(u) — H[g(u)], and the expectations of its first and second differential forms at
W=A"aredLs=0and d’Ls=Y; (1 + (s/z'"NdKi* + 1125 (s’ Nz,"VdK;* + 2dK;dK;; +
(s/Mz"dK;") [32]. Therefore, the necessary and sufficient conditions for the Amari
equation to become linearly stable are {s;’z;") > 1 and (s;")(z") > 1. Similarly, dL, the

first differential form of L, is calculated as

AN\ JE  gu,
(XX EW—E)' —= T dKy)
ij

i

(33 (E) -~ Eo) g(wy) s; dK)

i=1 j=1

= tr({(E(u) - Eo) g(u) s") dK"). (S6)

Eq. (S6) is a differential form of the EGHR. As described in Methods, the expectation
of Eq. (S6) at W= A" (thus, K = A4'4 = I) is zero if we adequately choose Ey (see Eq.
(11)). The second order differential form of L, @°L, is then calculated as

N N
d(dL
dzL = E ( ) de]
k=1 1=1 O’?Kkl

= (SD D Do (ECw) — Eo) glu) s K dK)

N N N a a .
(XD e Ew) ~ Eo) gw) 5, + (Ew) ~ Eo) jl((”’)sj} dK,; dKu)
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SOOIID T g s+ ()~ ) B k)

im1 j=1 k=1 1=1 u, 0K, ow, Ky
N N N N ( )

= EEEE (g(ur) 51 8(us) 55+ (E(u) — Eo) n s18;) dKy; dKp. (S7)
i=1 j=1 k=1 I=1 k

= 0, we obtain d’L = (E(0) — Eo)z"|ui-o{s )Y Y dK;’, which is

non-positive when (E(0) — Eo)z;"|ui=0 < 0. Therefore, K = 0 is an unstable equilibrium

N~

If K=20 and g(0

point if py(s;) is peaked at 5,=0 and z; = —log po(s;) is convex. On the other hand, if K = 1,
then u = s and

g(u)

k

(g(wi) g(ur) sj 51+ (E(w) — Eo) 5y 1)

ﬁg(s )

l

= (g(s:) g(si) s 51+ Six (E(s) — Eo) 57 1) (S8)
hold.

Case 1. For i # k, the second term is zero. Thus, Eq. (S8) is calculated as
(g(s)g(sk)sjs1), which becomes {g(s;)s,)* for (i =j # k= 1) or (i = | # j = k), and becomes
zero otherwise since (s;) = (g(s;)) = 0 for all i. Hence, using (g(s;)s;) = 1 (see S2.1.1), Eq.
(S8) is represented as 6,0 + 8,0 for i # k.

Case 2. For i = k, Eq. (S8) becomes
ﬁg(s )

l

(g(s” 5 51+ (E(s) — Eo) 5y 81). (89)

Case 2-1. When i = k and j # [, Eq. (S9) becomes zero because either s; or s; is
invariably independent on other variables and (E(s) — E)0g(s;)/0s; is an even function of
S1, ..., Sy, SO that (g(Si)ZSjS] + (E(s) — Eo)0g(s)/0s;s;js;) is definitely an odd function for s;
and s; and its expectation is zero (see S2.1.2).

Case 2-2. When i = k and j = [, Eq. (S9) becomes

(g5 57+ (E(s) — Eo) 22 g( ) o2y

l

= (z”s7) + E (anz" 57— (V{2 + 1) (& 57), (S10)

which is an even function of sy, ..., Sn.
Case 2-2-1. When i = k = j = , using the relationship of (z,”s,”) = (z/"'s/) + 2 (see
S2.1.1), Eq. (S10) becomes

12



(@ sty + (N=1) @) (@ s7) + @iz s%) - (N @) + 1) & s/
=(z"s?) + 2+ (z 2" sy~ (@) + 1) & s)
= 2 + <Zl' Z,‘” S,‘2> — <Zi> <Zl'”Si2>

=2+ cov(z;, zi" 57). (S11)

2
We define p := cov(z;, z;"'s)").

Case 2-2-2. When i = k # j = [, using the relationship of (z;”) = (z;") (see S2.1.1), Eq.
(S10) becomes

(@) (s7) + (N=2) (z) (@) (s7) + (@i 2"y () + (i s77) (&0")
— (N (zy + 1) ") (s?)
=(ziz") (%) + (zi57) (") = 2 () &) (/")

= COV(Z,‘, Zl'”) <S,‘2> + COV(ZI', Siz) <Zi”>. (SIZ)

We define w := cov(z;, z;") (siz) + cov(z;, si°) (z:".

Accordingly, @’L is represented as

&L =Y ik (857 81+ 8 8j1) dKyj dKyy + Y st (2 + p) dKij dKjy + ¥ it @0 dK iy dK iy
= Yk (dKii dKiie + dKi dKip) + Y3 (2 + p) dKii” + Yoz 0 dKGf
=3 (1+p) dKii + ¥, Yi dKy dKiy + ¥ (0 dK; + dK;; dK)
=3 (14p) dKi + (X dKi)* + 172 - Yoy (0dKy? + 2dKy dK;i + wdK;?).  (S13)

From a condition where a discriminant of a quadratic equation in the third term is
negative, all coefficients of d°L are non-negative if p > —1, @ > 0, and 1 — »” < 0 hold.
Therefore, the necessary and sufficient conditions where W = 4 becomes a stable

equilibrium point are p >—1 and w > 1.

S2.3 The absence of spurious solutions of the EGHR with Gaussian sources

In this section, we show the absence of spurious solutions of the EGHR if sources
obey a Gaussian distribution. Note that, while ICA is not defined for Gaussian sources,
the EGHR can still perform input whitening. Furthermore, we show that there is no
spurious solution as long as the source distribution is nearly Gaussian in the next
section.

Assuming that s; obeys a normal Gaussian distribution, po(s;) = N(s;; 4 = 0, 6 = 1), z;,

z;', z;", and Ey are calculated as z; = ull2 + 1/2-log2n, z;' = g(u;) = w;, z" = 1, and Eg = N

13



<S,~2/2 + 1/2-log2z) + 1 = N/2 + N/2-log2x + 1, respectively. Then K can be rewritten as

K o {(E(u)— Eo) us™ =K {(Skze— Eo) s ")
=—K{(172-Siui —N2—1)ss’). (S14)

Here, Zk ukz is calculated as Zk ukz = Zk (Z[ Kklsl)z = Zk (Z[ Kk12S12 + Zlqem KlekmSISm).
When i =, ((1/2-Y% wi® — N/2 — 1)s;s;) is calculated as

(172 - Yk S K> s — NI2— 1) 5%
=172 - Sh Kii> s+ (12 - Y S Kil” st 87y — (N2 + 1) {s/%)
=3/2 - Su K + 172 - Y S Ki — (N2 + 1)
=Y K + 172 - Su S Kt — (N2 + 1). (S15)

The condition where Eq. (S15) becomes zero for all i is Y K = 1 for all i. On the
other hand, when i #j, {(1/2-Y u —N2—1) s s;) is calculated as

(172 = Yk Yiem Kt Kiom 1 Sm Si ;)
= <1/2 : Zk (Kki Kkj S; 8 8i Sj + K]g‘ Kki S Si Si Sj))
=Y Kii K. (S16)

The condition where Eq. (S16) becomes zero for all i, j (i # ) is Y« Ki; Ki; = 0 for all i, j
(i #j). Taken together, Eq. (S14) is rewritten as

Ko KK K+1/2wK K)I-(N2+1)1)
= KK'K-12t(K"K)K+ N2+ 1)K
=(KK'-DK-12 (K" K)- N) K. (S17)

The first term of Eq. (S17) helps to decorrelate the elements of u, while the second term
only scales u. Therefore, the condition of K=0is K'K=TorK=0.Itis easy to see that
K = 0 is an unstable equilibrium point from Eq. (S17). On the other hand, the K'K = I
solution indicates that K is a rotation matrix R. From an analysis of the linear stability, it
turns out that K = R resides at a valley of L, and K = 0 resides at a peak of L (see S2.2).
There is no other peak or valley of L. Therefore, the global minimum of L is given when

K = R, with which input whitening is achieved.

S2.4 The absence of spurious solutions of the EGHR with the non-Gaussian

sources with small non-Gaussianity

14



In this section, we proposed an approach to calculate the curvature of L when the
sources obey a probability distribution similar to Gaussian distribution. We show that
there is no spurious solution if the sources are distributed close to a Gaussian
distribution.

Step 1. We define the general form of a source distribution by po(s;)  exp(yisi® + 7
sit+ 38+ +++). Assuming that y; = —1/2, y, = ¢, and y3, y4, ... are order O(¢”) or less,

where ¢ is a small constant, we obtain the first order approximation of py(s;) with ¢ as

polsi) o« exp(=si/2) (1 + & 5;%)
o N(si; 0, 1) (1 + & 5. (S18)

The integral of N(s;; 0, 1)(1 + &s;") can be regarded as the expectation of (1 + &s;*) over
N(s;; 0, 1), which is calculated as

Z=[NGs;0, 1) (1 +es)dsi=(1+eswsn=1+3¢, (S19)
(s7)

where (*)xs) is the expectation over N(s; 0, 1). Thus, po(s;) can be further approximated

as

4

L4852 0. 1) (1 + 65— 3 $20
1+38 ~ (Sla 5 )( &S 8)' ( )

The kurtosis of po(s;) is calculated as (si4)/(sl-2)2 — 3 = 24¢; therefore, po(s;) will be a

po(si) = Nisi; 0, 1)

super-Gaussian distribution if ¢ is positive, while it will be sub-Gaussian if ¢ is negative.
We then consider z(u;) for the general prior po(s;) as z(u;) = —log po(u;). We assume that
z(u;) is an even function. The derivative is represented as g(u;) = z'(u;). In addition, we
define o(s) =[x (1 + &si” — 3¢) = 1 + & (3 si* — 3N), which indicates the difference of
po(s) from N(s; 0, ). Using K = WA and ¢(s), Eq. (1) is rewritten as

K o ~{(E(u) - Eo) g(u) "o A"
= {(E(u) — Eo) g(u) s” p(s))s 4'4
= {(E(u) — Eo) g(u) u” p(s))vw K " A4 (S21)

From the relationship of s = K 'u, ¢(s) is expanded as

o(s)=1+e {3k (X (K Y w)* — 3N}
=1+ [X {0 K O '+ Yo KV ur® (K m thm
+ 3 tom (K Wi il (K Y™ th” + -} — 3N]. (S22)

15



We define a matrix C by C := {(E(u) — Eo)g(u)u’p(s))nw. If and only if C is zero, K

becomes zero. Because E(u) is an even function, the diagonal elements of C become

Ci= <(E(u) — Eo) g(ui) u;
[1=3Ne+eYx {30 (K W i+ Yiem (K 0 1 (K Vo™ 14"} 1D
= (1 = 3Ne) {(E(u) — Eo) g(u;) w)nw) + & {(E(w) — Eo) g(u) wi Yo {30 (K " i’
+ Ytem (KW u” (K Yo’ ™} I, (823)

and its non-diagonal elements (i # j) are

Ci={(E() - Eo) g(ui) u; - [1 = 3Ne+ & Yh {1 (K > 4’ (K Vo o} vy
= (1 = 3Ne) ((E(u) — Eo) g(u) up)niw
+ & ((E(u) — Eo) g(ui) t; - Yu {(K i’ ui” (K gy + (K i u” (KD i} v
= (1 = 3Ne) ((E(u) — Eo) g(u) up)niw
+& Yk far (K’ (K g+ o (K Dy (K D}, (S24)

where we set ¢; = ((E(u) — Eo)g(u;)u; ui’ )nw) and ¢; = ((E(u) — Eo)g(u)uat v, When
we assume the covariance matrix of u, (uu’), is a diagonal, ((E(u) — Eo)g(ut,)u;)neu)
becomes zero. In this condition, C;; becomes zero if and only if Y« {c1 (K Y (K l)lg- +
¢ (K l)kj3 (K "} = 0 holds for all i # j. Whereas, if u; and u; are correlated, ((E(u) — Eo)
g(u;) upn is not equal to zero; therefore, u must be decorrelated in order for Cy; to be
zero. Accordingly, because u should obey a normal Gaussian distribution to reach an
equilibrium point, a necessary condition for K= 0 is that K becomes proportional to a
rotation matrix R.

Step 2. In this step, we assume K is closed to a rotation matrix (K = R) and determine
the optimal rotations that gives K = 0. Note that N(u; 0, /) = N(s; 0, /) holds in this case
because rotation of a whitened Gaussian distribution is also white. In the following, we
first consider the case where 4 is a rotation matrix, and later generalize the results to

non-rotational 4. Moreover, we assume that F, satisfies
0= (1 - 3Ne) ((E(u) - Eo) g(u;) uihnw + & ((E(w) — Eo) g(us) u; Y1 i Yw)- (525)

In this case, Eq. (S21) is rewritten as K o« —E[C K], where E[®] indicates temporal
averaging of e with averaging time constant > 7. Importantly, although K deviates
from a rotation matrix because K+KAt is not always a rotation matrix, its average E[K]

continues to be a rotation matrix (see S2.3). Since we suppose E[K] to be a rotation
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matrix, the degree of freedom of E[K] is N(NV — 1)/2. We define a rotation in an s;—s;
plane to be ; (1 <i <j < N) and the corresponding rotation matrix as R%. Here, R is
the same as the identity matrix / except that the (i, i)th, (i, j)th, (j, i)th, and (j, j)th
elements are cosf;, —sindy;, sind;;, and cosb;, respectively. Therefore, any rotation can be

written as the product of various R? for any pair of axes. Let us suppose K = R”7B%

holds, where BY is any rotation matrix except a rotation in an s,— s; plane. Then, R can
be written as

R% = K (B")™" « —E[C R, (S26)
and Eq. (S26) is approximated as

R R & _E[C]. (S27)

The elements of R except for those of (i, i), (i, /), (j, i), and (j, /) are fixed to be zero.
Since R”;; = —sinf;0;, R"}; = —cos6;6;, R}, = cosh;8;, and R”; = —sinb;6; hold, the (i,

Nth, (i, j)th, (j, i)th, and (j, j)th elements of R ROIT gre respectively given by

(1'39’7 Ry, = Sk Rg’flk R, = s1n49y6y costy; + (- cos:9y¢9y) (-sinby) =0,
(1'39’7 Ry, =%y Rg’flk R = —sing); 6 sind; + (— cos&,ﬂl]) cost; = HU,
(1'39’7 ROy, =y R ik Rg’flk = cosé’lﬂy cosf; + (- s1n0U¢9y) (-sindy) = HU,
(1'39’7 Ry, =y R ' Ry = cosé’lﬂy sindy; + (- sm&,ﬂ,]) cosb;; = 0. (S28)

Thus, from Egs. (S27) and (S28), we obtain

E[C;] = E[eXu(ciKi’ Ky + c2KuKi')] o 6,
E[Ci] = E[eXd(ciKuKi' + c2Ki'Ki)] * —0. (829)

From Eq. (S29), E[ZkKik3I<jk] =-E [ZkK,-kI{jk3 ] holds. Therefore, we obtain

91] x g(c1 — 2)E[ D% Ki® Kjr] and
0 o< —e(c1 — c2)E[Xx Kie K. (S30)

Then, K and Kj; can be expanded as

0ij b
zk = 21 R ] B Ulk = COSQU B Ulk — s1n6’l] B ]k,

Kix=3 Ra]j] By, = sind; B O+ cosb;; B&’]jk, (S31)

and K;° Kjr and Kjk « can be calculated as

17



Oij Oij
K K, k= (cos@,]B Vo — sinf; B f,k) (sind; B 0 + cos8; B”jx)
2 2 2 2
= (cos by B2 2sind;; cosb; B, B% kT sin"6;; B i)
2 2
- (sind; cosy; (B3> — B";2) + (cos*6; — sin®6;) BYy B,
_ Oij Oij Oij Oij
Kjk i = (sin6; B™ . + cos; B jk) (cosb; B” i — sinb; B™ i)
- . . o X .
= (sin’g; BY;* + 2sinf; cosy BYy B + cos*6; B %)

- (sind;; cosy (B™3> — B™,2) + (cos*6y; — sin®6;) By BY). (S32)

Because 0;; = 0, 7/2 are sufficient conditions for K to be an ICA solution, by substituting
0; =0, 7/2 into Eq. (S30), we obtain

y|9y o % e(cr c)E[SBY > BY ] =
byloy-a = o(ca c)ELZB" Be”,f] = 0. (S33)

Therefore, E[D « Ki;ijk] and E[Y Kjk3Kl-k] are calculated as

E[Y Ki® K] = E[X4{(cos’0; B> + sin’6;; B ;2) sind); cosy (B y* — BY?)
— 2sin;; costy By BY i (cos’0; — sin’0y) By B3]
= E[sind; costy Y« {(cos’6y By’ + sin’0; B®) (B’ — B”?)
—2B"* B"* (cos’0; — sin’6;)} ]

ZE[sz 0, Yx{((1+cos26;) B + (1—c0s26;) B ;) (B” 4> — B" %)
—4B"% By cos20;}]

1
_E[Sln29y2k{(Beyzk4 6B, B2+ BY o526, + Byt — B,

E[>x Kjk Ki] =E[D {(smzéy B2 + cos20 B kz) sinf;; cosb; (Be’f,k2 Be” 2)
+ 2sinf;; cosb; B, B% ik (COSZQU s1n20y) B, BH’ ot ]
= E[sindj; cost; Y« {(s1n29,] B2 + cos20 B kz) (BHU 2 Be’f 2)
+2B% 2 Be’fjk (coszﬁij —sin 91-1-)}]

= —E[stGU > {((1—c0s26y) B + (1+cos26;) B? ;%) (B™ ;> — B",%)
+ 4B% e Be’jjkz c0s26;}]
= ZE[51n29,-jzk{(—Beljik4+6B9']iszgyjk2—Bey Heos26; + B — B (S34)

From Eq. (S34), E[B”;'] = E[B"}*] hold since E[YiKi’Ku] = —E[XiKuKi'].
Consequently, from Eq. (S30), we obtain
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Hl-j 08 28(61 — CZ)E[Sln2el'jCOSzHl'jZk(BHUl'k4—6Beyiszeyjk2+Bgl]jk4)]

= gg(c1 — c2)E[sind8, Y «(B™* — 6B"*BY 7 + B, ). (S35)
By assuming 6 is independent of B% Eq. (S35) can be approximated as
0; o G c2)sindy; E[Y (Bt — 6B% 2 B% > + BY, ). (S36)

Numerical calculations suggest that E[Zk(BH’-j,-k4 — 6BY iszHU;kz + Beif)-k4)] 1S
positive-definite when K is a rotation matrix. Therefore, if and only if 8; = kx/4 (k=0, 1,
e 1), Gy becomes zero. Notably, if §; = 0 is stable 0; = kn/4 (k= 2, 4, 6) are also stable,
while 6; = kn/4 (k =1, 3, 5, 7) are unstable. If 8; = 0 is unstable, the exactly opposite
occurs. Therefore, if 6; = 0 is stable, which depends on the sign of ¢ (c1 — ¢2), only ICA
solutions give equilibrium points of §;s, which means that there is no spurious solution
of EGHR for the source distribution near Gaussian. Furthermore, for any transform
matrix 4, A’4 is a positive definite matrix, so that even when A4 is not a rotation matrix,
there is no spurious solution of EGHR for the source distribution near Gaussian.

Step 3. Lastly, we evaluate the sign of &(c; — ¢2) to determine whether these ICA
solutions are stable or unstable. Indeed, the sign of (¢; — ¢2) = ((E(u) — Eo)g(u;)(u? ujz —
U; uj4)>N(u) depends on the form of z(u;). If we assume z(u;) = ull2 — 5ui4, g(u;) is
calculated g(u;) = u; — 4u;° and E, can be supposed as Eo = N2 + 1 + O(5) + O(e),
where O(0) and O(¢) are functions of J and ¢, respectively. Because of the symmetry of
indexes i and j, ((E(u) — Eo) (u;" u” — ui® u;"))nw) is calculated as zero. Therefore, (c; —

¢») is calculated as

(c1— 2) = ((E(u) — Eo)g(u)(ui’ uj” — u; "))y
= ({0 (un’12 = 6up") = NI2 = 1 = O() — O(&)} (w;— 46us’) (ui® w — i 1) )wiw
= —40({Y 0 (Un12 = Oy — NI2 =1 = O() — O(e)} (u® ui” — i )y (S37)

If we assume ¢ is small, Eq. (S37) is approximated as

(c1—¢2) = 26((Xm ttn” = N =2) (u® t” — ;" 1))y + S(O(5)+O(e))
=20{(u’ w’ — u’ uw + (' —ui" v
+ (N=2)Cum Ivuu — uitu v — (N-2Xuu” — uitu v} + 5(O(0)+0(e)).
(S38)
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From S2.1.3, we get {u;Www = 3(uvw = 3, @ )vw = 5 vw = 15, and , () =

7(u®)nw) = 105. Therefore, since i # j, we obtain

(c1—c2)=-25{105—15-3+15-3 -3-15
+ (N=2)(15 — 3-3) — (N=2)(15 — 3-3)} + 5(0(9)+O(e))
= 1200 + 8(0(3)+O(e)). (S39)

Accordingly, from Egs. (S36) and (S39), we obtain
él-, o« —150¢ sind6; E[Yu(B” " — 6B";*BY ;> + BT, ). (S40)

Because de can be a positive definite scalar if we choose so and 4’4 is a positive
definite matrix, Eq. (S40) always converges to K = [ or its permutations or sign-flips,
i.e., these are the only stable equilibrium point and there is no other stable equilibrium
point on K = R. Taken together with the result from S2.3, we conclude that K = I is the

only stable equilibrium point and there is no other stable equilibrium point.
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S2.5 Simplification of conventional local ICA rules
In this section, to speed up numerical simulations in Fig. 3B, we analytically simplify

the conventional local ICA rules, assuming that 4 and 7 are rotation matrices.

S2.5.1 The Linsker rule

In the Linsker rule [20] (see also Eq. (5)), the dynamics of the inner states v is
represented as 7, V =-v +u+ Qv, where u = x holds. If we assume that a change of x
(therefore, a change of sources) is sufficiently slower than that of v, v converges to 0
before x changes. An equilibrium state of v can then be rewritten as —v + u + Qv =0
and solved as v = (I — Q) ' Wx. In the equilibrium state, (vx') = {((/ — Q) ' Wxx") = (I —
o) 'wxx"w'wy = (I — Q) {uu YW . Moreover, if (I — Q) = (uu’) holds, (vx')
becomes W . Therefore, if (I — Q) rapidly converges to a (uuT ) (@ > 0), the Linsker rule
is equal to the Bell-Sejnowski rule [20]. To achieve such a condition, the learning rule
of O must follow 7o Q =—(Q—(I—a(uu))).

To compare the EGHR with the Linsker rule, we consider the case where the sources
are not much slower than v and the sampling time is discrete. If we assume a discrete
sampling time At and that Q quickly converges to a fixed point, Eq. (5) can be rewritten

as

o W= {avx'—g(u)x"),
7, (V(t+dt) —v)=At (—v+u+ Qv),
O=I-a{uuy=I-a KK (S41)

From the second and third equations, we obtain a solution of v as

V(t+4f) — v = At/r, (w —a K K" v),
V(1) = (I —a K K" At/r,) v(t-A1) + Atlt, u(t-A1),
v(t) = Aty Yieo” (I — a K K" Atlt,) u(t—(k+1) A¢). (S42)

In order for Eq. (S42) to converge, |[[ — aKK'At/z,| < 1 should hold. If K is proportional
to a rotation matrix, that is, K = cR (c > 0), this condition can be further simplified as |1
— ac’At/r,| < 1. As (ac’4t/z,) is a positive scalar, we get ¢’s condition for v to converge

as 1 —a ¢ At/r,> -1, or equivalently,
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0<c< o 2. (S43)

alt

This indicates that a large a is likely to make v unstable if K is started from large initial
conditions. The Hebbian term (avx') in the first equation in Eq. (S41) with a general K

can then be calculated as

a (v(t) x()") = a At/t, Yieo” (I — a K K" At/z,)* (u(e~(k+1)41) x(£)")
=a At/t, Yao” (I —a K K" At/z,)* K (s(t+(k+1)48) s(t)'y KT W
=aAtlt, Yieo” (I— a K K" A1/t p((kt 1)) KKT W (S44)

For a strict solution, we need to calculate 3 —o”(I — aKK At/z,)*p((k + 1)4f) numerically,
where p((k + DAt) = (st + (k + 1)At)s,-(t)7> is the auto-correlation of a signal train
generated from Eq. (7). From Eq. (S44), we define Eq. (17) as the reduced Linsker
(R-Linsker) rule. The numerical calculation in Fig. 3B uses this R-Linsker rule to speed
up simulations.

Next, we qualitatively explore how the ICA solutions disappear depending on
parameter values. Approximating the auto-correlation function by p(¢ — t') = exp(—|t —

t'|/z,) for an analytical simplification, we obtain

a (v(t) x()") = a At/t, Yieo” (I — a K K" At/1,)* exp(—(k+1)At/z) K K" W
= a At/t, exp(-At/t) Yieo” (I — a K K At/z,)* exp(—dt/z) K K" W
= a Atlt, exp(-At/z) {I— (I —a K K At/v,) exp(-At/z)} ' KK W

_ (rv(exp(At/rs) - I)K

-1
TR 1| W (S45)
alAt

Therefore, the R-Linsker rule is simplified as

T, (exp(At/t,)-1) %
aAt

o W= ( TK '+ 1)_] w ' —{g(u) x"). (S46)

The coefficient matrix of W' is defined by C(K) == {z, (exp(dt/zy) — 1)/adt K" K +
I}7" (see Table S1). For small 4t, Cy(K) = {(v/t;)la K" K" + I}, Indeed, C,(K) W'
dramatically decreases as (z,/7;)/a increases while (g(u) xT> does not. This indicates that

the ICA solutions (i.e., equilibrium points) disappear if (z,/7,)/a is too large.

S2.5.2 The Foldiak rule
The Foldiak rule [19] was originally described as shown in Eq. (6). To speed up the
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computation to plot the 2-dimensional velocity map in Fig. 3B, we consider a reduced
version of the original Foldiak rule, assuming the following conditions: (1) s, X, u, v are
all two dimensional vectors and the lateral interaction matrix is described by O=[0, ¢; g,
0] with g < 0, (2) 4 is a rotation matrix and W is a rotation matrix up to scaling factor,
(3) sources are much more slowly changing than v, so that v = fx(u + Qv — h) holds, (4)
h and ¢ converge to a fixed point, so that (v;) = b and (vyy,) = b* for i #, (5) s, X, and u
are symmetric about 0 and v is symmetric about (v) = b1, and (6) neuronal nonlinearity
fr(x) is an odd and monotonically increasing nonlinear function up to constant factor b.
We first transform the variables to clarify the symmetry of variables. Let us define
mean subtracted output y; = v; — b and odd nonlinear function f{x) = fr(x) — b. With this
notation the Foldiak rule is described by W = a(yxT ) — W, where y is given by a
solution of y; = flu; + qy; + gb — h) for i # j, and h and g converge to a fixed point
according to h o (vi) and q o —(y1y2), so that (y;) = 0 and (y1y,) = 0 at the fixed point.
For the reasons described below, we can set 4 = g = 0 in this case to simplify the
system. Let us start by showing that 2 = g = 0 is a solution of (y;) = 0 and (y;)2) = 0. The
first equation directly follows from {(f{u;)) = 0 for symmetric u and odd function f. To
show that (f{u)f(uz)) = 0, we compute (F(u1)G(12)) = Ym1* (F(u1)G(u2)), for either odd
or even functions F and G. The average ( ), (n=1, 2, 3, 4) describes the 2-dimensional

integration over s and s; restricted in the nth quadrant. It is easy to see that

(FunGu)y= [ ds [ " ds, p(s1)p(s2)F(c(s1¢050 — 525in6))G(c(s15in6 + 52¢056))
= ["ds, [ ds, p(s1)p(s2)F(c(-s1c050 — 525in@)) G(c(~s15inf + 5c056))

= or [ ds, [ ds, p(s1)p(s2)G(c(s520050 — s15in0) F(c(s25in6 + s1¢056))

= or (Gun)F(u2))1, (847)
where c is a constant scaling factor, 6 is the angle of the rotation by K = WA, and of is
the parity of F, taking 1 and —1 if F is even and odd function, respectively. Similar
calculations for (F(u1)G(u2)), (n = 3 and 4) together yield

(F(u1)G(u2)) = (1 + 0r06) (F(u1)G(u))1 + (0r + 06) {G(u1)F(u2))1. (S48)

Hence, we find that (f{(u1)f(u2)) = 0 by setting F'= G = fand oy=—1. This result confirms
that 4 = ¢ = 0 is a solution of the Foldiak rule, i.e., (v;) = 0 and (y1y») = 0.
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We next show that this # = ¢ = 0 solution is stable. To demonstrate the linear stability,
we express the derivative of the output by dy; = f"(u)[f(u;) dg — b dg — dh] for i # j,
which is evaluated at 2 = ¢ = 0. Using this expression, perturbations of 4 and ¢, i.e., dk

and dg, develop according to

dh)
dg

~(f(w) (i) f () =bf () (dh)
(P Fa)+ Fu ) = F) )+ Q) f2w) - bf () f () = bf (u) £(u)) \da

(S49)

_ (Hrw) b)) (dh)
0 () fPu)+ fiu)fAu))\dg)

Note that we used (f’(u;)f(u;)) = 0 for i # j in the second line from Eq. (S47). The
eigenvalues of the linearized dynamics in Eq. (S49) are —(f"(«;)) and —{f"(w,) fz(uj)+ S ()
fz(ui)>, which are both negative because fis monotonically increasing. Altogether, these
results show that 4 = ¢ = 0 is a stable solution.

Finally, we show that # and ¢ must be both zero when the Foldiak rule achieves an
ICA solution W = 4. In this case, u; = s; and u, = s, are independent inputs and
outputs are given by y; = f(s; + qy; + gb — h). To keep the outputs independent, g must be
zero because any none-zero g would introduce some dependency between the two
outputs. If ¢ = 0, then, 2 = 0 is the unique solution to ();) = 0 for monotonically
increasing f.

Altogether, 4 = g = 0 is a stable solution of the Foldiak rule throughout the learning in
this case, and # = ¢ = 0 must hold when it eventually achieves the ICA solution.
Although it is possible to initialize 4 and ¢ to a non-zero value, the output y becomes
multi-stable if |g| is large. Hence, it is most natural to initially set 2 = g = 0, following
the original proposal [19]. Accordingly, Eq. (6) can be simplified as Eq. (18). We define
Eq. (18) to be the reduced Foldiak (R-Foldiak) rule. The numerical calculation in Fig.
3B is based on this R-Foldiak rule.

S2.6 Equilibrium points of conventional ICA rules
S2.6.1 The Bell-Sejnowski, Amari, and Cichocki rules
Let us show that W = 4" is an equilibrium point of the Bell-Sejnowski, Amari, and

Cichocki rules based on a previous study [32]. We can confirm this by checking W after
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substituting W = A ' into each equation. Let us start checking this for the

Bell-Sejnowski rule. From Eq. (2), an equilibrium state of W is given by
W= (g(u) XYy, (S50)

If W=A", u=Wx becomes u = s and (g(u)x’ ), becomes (g(s)s ) o) 4". Note that
(g(s)s7>po(s) is a diagonal matrix since si, ..., sy are independent of each other, and its
diagonal elements are one, i.c., (g(s)sT)po(s) =] (see S2.1.1). As W = A" satisfies Eq.
(S50), W= A" is one of the solutions to the Bell-Sejnowski rule.

The equilibrium points of the Amari and Cichocki rules are calculated similarly. The
difference among the Bell-Sejnowski, Cichocki, and Amari rules is only the
multiplication of some regular matrix from the right, which does not remove an
equilibrium point. Therefore, W = A" is also an equilibrium state of the Amari and

Cichocki rules.

S2.6.2 The Linsker rule

As shown in S2.5.1, the Linsker rule becomes equal to the Bell-Sejnowski rule when
the input is much slower than the dynamics of v [20]; therefore, W = 4" is also an
equilibrium state of the Linsker rule. However, when sources obey a rapidly changing
super-Gaussian distribution (e.g., a Laplace distribution), the Linsker model does not
always have a stable equilibrium point depending on the time constant and distribution
shape of the source. Indeed, the existence of ICA solutions for the R-Linsker rule (Eq.
(S40)) depends on the parameters when the sources are not much slower than v. If we
assume K = ¢ I (¢ > 0), the second term on the right of Eq. (S46) becomes <g(u)x7> =
(g(cs)s")A". If we assume sources obey a Laplace distribution, we obtain {g(cs)s’) =
(sgn(s)s’) = I, which is independent of ¢. The fixed point is then calculated as

-1
- 1
(rv(exp(zAt/rs) i)} +1) LA
c alt c

ot T,(exp(At/T,) -1) _
alt

o l(li\/1_4rv(exp(At/‘cY)—1)J. S51)
2 alt

0,

Therefore, in order for K to converge to a non-zero finite value, the radial distance ¢

should be started from
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1(1 _ \/1 _ 47 (exp(Ar/T,) - DJ ce< o2 (S52)
a

2 alt At
and the fixed point of ¢ is
L 1+\/1 _ 4z, (exp(At/T) -1 | (S53)
2 alt

Accordingly, in order for the fixed point to exist, z,/aA¢ should be

1
4(exp(At/t)-1)

wladt < (S54)

Note that a also controls the stability of the dynamics of v. If a is set too large, the

dynamics of v does not converge.

S2.6.3 The Foldiak rule

The Foldiak rule (Eq. (6)) can perform ICA only when 4 is a rotation matrix. To
calculate the Foldiak rule’s equilibrium point, we assume that W = 4" holds and that O
and h have converged to the zero fixed point (see S2.5.2). From h = 0, the output
satisfies (v) = b1. Thus, the last equation in Eq. (6) becomes T W= alvx'y — W.If W =
A", the output is given by v = fi(s). Therefore, (vs7> must be proportional to an identical
matrix. In this case, the equilibrium condition is given by 0 = W= alvs 4" — 47", or
equivalently, 4'4" = a(vs') « I. Accordingly, in order for the Foldiak rule to achieve
ICA, 4 must be proportional to a rotation matrix. Moreover, if a is chosen so that
alfi(s)s;)y = 1, A" should be equal to A", i.e., 4 must be a rotation matrix in order for the

Foldiak rule to have the ICA solution.

S2.7 Linear stability of conventional ICA rules
S2.7.1 The Bell-Sejnowski, Amari, and Linsker rules

Here, we repeat the linear stability analysis of the the Bell-Sejnowski, Amari, and
Linsker rules [32] to apply it to the Cichocki and Foldiak rules in the following sections.
Let us define K as K = WA and represent u as u = Ks. Linear stability is confirmed by
showing that when K = WA = I + &/ is substituted into each ICA rule, where positive
constant ¢ is small enough, the signs of the elements of K never change, regardless of
the value of J. Specifically, the Amari rule (Eq. (3)) is rewritten as K (I - g(Ks)s'K")
K (see Table S1). If we assume that W is near to A as K = [ + &J, (¢ << 1), the Taylor
expansion of g(s + &/ s) is given by g(s + &Js) = g(s) + AeJ s + O(leJ s|*), where 4 =
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Diag[g'(s)] is a diagonal matrix of g'(s). Using the relationship of (g(s)s7> =1, Eq.(3)is

further calculated as

eJoc(I—gs+eJs)s’ (I+ed)y(I+eJ)
~(I-(g(s)+AeJs)s [+eJ))y I +eJ)
~(I-(g(s)s' +AeJss" +g(s)s’ eJ)) (I +eJ)
~——{dJss"+g(s)s' J)
=—({4Jss"y+J). (S55)

Because the (i, j)th element of (AJss’) is calculated as (AJss"); = Xk (AD)usis;) = Yk
(Aiusis)) = (AiJys”) = (g'(s))s )y, the (i, j)th element of Eq. (S55) is calculated as

Jy = ~g'(s1) 8°) Sy — i (856)

When i =, Eq. (S56) is calculated as Jll o —({g'(s:)si°) + 1) Jii; therefore, when (g'(s;)s/’)
+ 1> 0 holds, J;; converges to zero. When i # j, Eq. (S56) is calculated as

Ty % Hg(5)) () Ty~ Jy. (857)

From Eq. (S57), the relationship of Jj, = {g'(s)¥s”)J;i — J; also holds; therefore, we

obtain

i+ Ji 5 (g D) () + 1) Uy + ),
Ty =i < (s} s7) = 1) (S = Jj). (558)

When (g'(s)¥s.”) > 1, Jl] + Jﬂ and J,] - Jﬂ converge to zero with increasing ¢, i.e., J;; and
Jji converge to zero. Because s, ..., sy independently obey an identical distribution, the
necessary and sufficient conditions for J to converge are <g’(sl~)sl-2) + 1 > 0 and
(g'(s))(s*) > 1. In this condition, W= A" is a stable equilibrium point of the Amari rule.
The condition is the same as that studied by Amari using the second differential form of
the cost function L4 [32].

Moreover, the Bell-Sejnowski rule is represented as a multiplication of the Amari
rule by a positive definite matrix W' W' from the right (for any matrix W, W 'W ' is a
positive definite matrix); therefore, the conditions where W = 4" is a stable equilibrium
point of the Bell-Sejnowski rule is the same as that of the Amari rule. If the sources are
sufficiently slow, the Linsker rule converges into the Bell-Sejnowski rule and is

therefore linearly stable for the same conditions.
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S2.7.2 The Cichocki rule
Similarly, the linear stability of the Cichocki rule at W= A" is calculated. Eq. (4) is

rewritten as

Kox(I-g(Ks)s'K') 4
~—{A4Jss"y+J) A (S59)

By comparing Eq. (S59) with Eq. (S55), the condition of linear stability depends on the
eigenvalues of 4 and the initial condition of W. The Cichocki rule is stable at some ICA
solutions if some of eigenvalues of 4 are positive, but its performance depends on the
initial condition of W. In contrast, the Cichocki rule is stable at the all ICA solutions if

all eigenvalues of 4 are non-negative and the sum of all eigenvalues is positive.

S2.7.3 The Foldiak rule

We assume the same assumptions with S2.5.2. Thus, the Foldiak rule is equal to Eq.
(18) when W = A" and Eq. (18) is a good approximation of the original Foldiak rule
when W is closed to 4. Using K = WA, Eq. (18) is calculated as

K o alfr(Ks)s"A"4) — K. (S60)

Transform matrix 4 is required to be a rotation matrix in order for the Foldiak model to
achieve an equilibrium state at W= 4" (see S2.6.3), so that 4’4 = I. By substituting K =
1+ &J into Eq. (S60), we obtain

ejma(fp(s+aJs)sT)—(I+eJ)

~a{(fis)+AeJs)s"y—(I+eJ)
=a{fis)s’ +AeJss’y—(I+eJ)

=a((fs)syI+{deTss))—(I+elJ)
=ca{dJss')—¢lJ, (S61)
where 4 = Diag[fr'(s;)]. The (7, j)th element of Jis calculated as

~.]ij x (a (/1 Js ST>ij—Jij)
= (a <Zk (/1 J)ik Sk Sj> - Jl])
= (a Xk Ju {Aii 5x.8;) = Jy)
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= (a Jy {du s7) = Jy)
= (a {57y — 1) Jj. (S62)

When a{/;; siz) —1<0and a(/lil)(siz) — 1 <0 hold, J; converges to zero. Assuming f(s;)
is a sigmoid function fi(s;) = sig(ys;) and y is large, {4; s°) becomes zero and (A;)(s;>)
becomes 2(3(s:))(si°) = 2po(0)(s;*) since (8(s;)) = | 8(s;)po(s:)ds: = po(0). Therefore, if and
only if apo(0)(s;) is smaller than one, the Foldiak model is linearly stable. For example,
when a source obeys a normalized uniform distribution, po(0) and (|s;|) are respectively
calculated as po(0) = 124/3 and (i) = 2‘(w/§)2/2'(1/2w/§) = /372, so that, since
po(0)(s>YA|s{) = 1/3, J; converges to zero. When a source obeys a normalized Gaussian
distribution, po(0) and {|s;|) are respectively calculated as po(0) = 1/ 2% and sy = 2/
2w (07 s exp(es2) dsi = 22w [Cexp(osA2)]y” = 2/+/27, so that, since
Po(0)sHWAsi) = 1/2, Jy is always equal to zero. When a source obeys a normalized
Laplace distribution (po(s;) = 1/ \2 exp(—w/z Isq)), if we use fr(s;) = 4.444/(1+exp(—w/§
57)), po(0)(s*)/Jsi) is calculated as po(0) (s°)/|s{) = —0.9447...; therefore, J; converges

to zero.

S2.8 Performance of the conventional ICA rules in the undercomplete condition

In contrast to the EGHR, conventional ICA rules do not straightforwardly work in the
undercomplete condition (Fig. 5). Unlike the EGHR rule (see Methods), the optimal
representation K = (I, )" is not an equilibrium point of the Amari rule because when we
substitute K = (1, I)" into the Amari rule, K is rewritten as K o« (I - g(Ks)(Ks)T> K #0;
hence, K = (I, )" never becomes an equilibrium point of the Amari rule. Moreover, K =
(Z, 0)" is not an equilibrium point of the Amari rule either. For the same reason, K = (/,
D" and (Z, 0)" are not equilibrium points of the Bell-Sejnowski, Cichocki, or Linsker
rules. Importantly, inputs are definitely correlated in the undercomplete condition.
Because the Foldiak rule requires 4 to be a rotation and scaling matrix, it does not have

ICA solutions in the undercomplete condition either.
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